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Input: z°

d.TOMP:

Input: z*
Output: f(z*), VF(zF), g(z*), Vg(zF)

User Interface

__________ e

SLSQP:

Input: f(z*), Vf(z¥), g(a*), Vg(z*)
Output: z*+!

—k—k+1 Convergence

Output: z*

Fig. 1. Organization of TOMP with reverse communication.

-

The state equations 2,(¢) = ¢,(¢, z(¢), u(t)), are
2,(t) = z5(¢) cos 0(2),
29(2) = z4(¢) sin 6(2),
25(t) = g sin 6(¢),

where z, = x is the horizontal distance of the bead, z, =y is its vertical
distance, and z, = v its velocity. All initial conditions are assumed to be zero:

z,(t,) =0, i=1,...,3.
The final horizontal distance is prescribed
z,(tg) = 1.

Both the other states are free.
The problem is to find a control function wu(¢) = 6(¢) that minimizes the
time to reach B from A

f=1tg — s
We also solve this problem for the case where the bead has to satisfy the
following state inequality constraint
c(z() =az(t) —z,(t) =b, Ve ([ty,tgl,
with ¢ = 04 and b6 = 0.2
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4.1.2 Test Results.

4.1.2.1 Nominal Case. This example has been solved with TOMP using a
high-order Runge-Kutta method with absolute and relative accuracy 10_g.
The tolerance of the nonlinear programming code has been set to 10_g. The
initial estimates have been 6%#) =0 and ¢} = 2.0. The upper and lower
bounds on 6(¢) have been + 2, respectively, and ten and zero for ¢5. The
number of iterations in the unconstrained case was 10, that in the con-
strained case 23. The results are shown in the graphs of Figures 2 and 3. (The
unconstrained trajectory is dotted; the constrained trajectory is dashed.) The
constrained trajectory is active within the range 0.30 < z,(¢) < 0.65. The
minimum time for ¢, = 0is {5 = 1.772 in the unconstrained case, {5 = 1.795
in the constrained case.

4.1.2.2 Convergence Tests. Let this example be taken as a paradigm for
the large convergence region of TOMP as claimed in Section 1. The numerical
experiment includes three different starting controls for three estimates of
the final time. The results are summarized in Table I. The columns include
different 6°-values for a given ¢3-value. The entries (i, j) in the table are the
number of iterations for the constrained problem. All entries converge to the
true solution for the data of paragraph 4.1.2.1. If the bounds on # are
expanded to + 10, the convergence to the global minimum for the case in
entry (2,1) breaks down. The solution is at a local minimum and then has a
“looping” in its trajectory near the origin. This of course prolongates the final
time (to ¢z = 2.013).

4.2 Optimal Trajectories of a Manutec r3 Robot

The following example treats the calculation of robot trajectories as an
optimal control problem. Optimal robot trajectories are compared with refer-
ence trajectories for the path-planning problem [Craig 1989; Pfeiffer 1987] or
are computed to check the robot performance within its working space
[Konzelmann et al. 1989]. The calculations are examplified on a Manutec r3
robot of Siemens, whose mathematical model has been developed by Otter
and Turk [1988].

4.2.1 Mathematical Model. The mathematical model of a robot with chain
structure is a multibody system in the configuration space of the following
form

M(6)6=V(0,0)+Go) +T. (4.1)

We restrict the model to one of three degrees of freedom. In this case the
following notion is valid for Equation (4.1): M is a 3 X 3 symmetric, positive
definite mass matrix; 6 is a 3 X 1 matrix of generalized position coordinates;
the 6, are the relative angles between arm i — 1 and arm i; # and 6 are
3 X 1 matrices of angle velocity and angle acceleration; V is a 3 X 1 matrix of
the centrifugal and Coriolis terms; G is a 3 X 1 matrix of the gravitational
terms, and T is a 3 X 1 matrix of the motor moments.
The following assumptions have been made.

—The robot consists of one fixed basis body, three arms and three rotors in
which motors and gears are integrated.
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Brachistochrone: State Variables

T T T T T T T

unconstrained

-0.5- T s
0.6+
_0.7 L i 1 L i I, 1 L i
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 i
z(1) (t)
Fig. 2. State constrained brachistochrone: state variables.
Brachistochrone: Control Variables
1.6 T T T T v T T T T
1.4} -
t.2h 1
1+ .
0.8 ™. unconstrained )
0.6 N )
0.4} U — 1
constrained Tl
0.2 T .
0 i . ) i 1 L I ) ] \\“’\
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
z(1) (t)

Fig. 3. State constrained brachistochrone: control variables.
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A.3 Cost Function and Constraints—Continued

e Ees e E+sHsEzsEsEs s M o]

QOO0

«Q

RHS SUBROUTINE IN WHICH THE RIGHT HAND SIDES OF THE DIFFERENTIAL
CONSTRAINTS ARE CALCULATED (NOT USED IN OUR CASE)

T TIME, DOUBLE PRECISION SCALAR

TC TIME GRID FOR COMMUNICATION, DOUBLE PRECISION VECTOR

Z STATE, DOUBLE PRECISION VECTGOR

U CONTROL, DOUBLE PRECISION VECTOR

IU CONTROL, INTEGER VECTOR
THE PAIR {U,IU} REPRESENTS THE CONTROL PARAMETERIZATION
FOR FURTHER INFORMATION LOOK AT THE PARAMETERS OF D_TOMP

MODE INDICATES STATUS OF INTEGRATION, INTEGER

MODE=0: SET INITIAL CONDITIONS

MODE=NT: EVALUATE BOUNDARY VALUES

O<MODE<NT: EVALUATE STATE AND CONTROL CONSTRAINTS

OUTPUT:
Z0 INITIAL STATE, DOUBLE PRECISION VECTOR
Z1 FINAL STATE, DOUBLE PRECISION VECTOR
F COST FUNCTION, DOUBLE PRECISION SCALAR
C CONSTRAINTS, DOUBLE PRECISION VECTOR
EQUALITY CONSTRAINTS (BOUNDARY VALUES) MUST BE SET FIRST

INNPUT/OUTPUT:

W WORKING ARRAY, DOUBLE PRECISION VECTOR

INTEGER IU(20),MCDE

DOUBLE PRECISION U(*),T,TC(*),Z20(*),Z21(*),Z2(*),W(*),F,C(*)
EXTERNAL RHS

SAVE J

IF (MODE .EQ. 0) THEN
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A.3 Cost Function and Constraints—Continued

C SET SOME PARAMETERS

NC=IU(01)
NP=IU(13)
NT=IU(15)
NZ=IU(16)
M =IU(17)
ME=1

J=ME

C BOUNDARY VALUES

Z20(1)=0.0D0
Z0(2)=0.0D0
Z0(3)=0.0D0

Z1(1)=1.0D0
Z1(2)=0.0D0
21(3)=0.0D0

END IF

C STATE CONSTRAINTS

IF (M.NE.ME) THEN
IF (MODE.GT.1 .AND. MODE.LT.NT) THEN
J=J+1
C(J)=0.2D0+0.4D0*Z(1)-Z(2)
END IF
END IF

C CDST AND FINAL STATES
IF (MODE.EQ.NT) THEN

F=U(NC+NP)
c(1)=2(1)-Z1(1)

END IF
END
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A.4 Output Routine

SUBROUTINE OBRACH(T,INDEX,G,LONG,NO,Z,U,IU)
C OUTPUT ROUTINE IS CALLED AS SUBROUTINE OUTPUT FROM D_TOMP

T TIME, DOUBLE PRECISION SCALAR

K INTEGRATION INDEX SET BY D_TOMP BEGINNING FROM 1,

K IS SET TO K+1, EACH TIME OBRACH IS CALLED, INTEGEh
REAL ARRAY OF DIMENSION (LONG, *)

STORES COLUMNWISE STATES AND CONTROLS

Z STATE, DOUBLE PRECISION VECTCR

U CONTROL, DOUBLE PRECISION VECTOR

IU CONTROL, INTEGER VECTOR

THE PAIR {U,IU} REPRESENTS THE CONTROL PARAMETERIZATION
FOR FURTHER INFORMATION LOOK AT THE PARAMETERS OF D_TOMP

a0 oo aaan
«©

QUTPUT:

G THE USER MAY ADD NO-(NU+NZ) COLUMNS TO G
WHERE NU=IU(1) AND NZ=IU(16)

a0

INTEGER K,LONG,NO,IU(20)
DOUBLE PRECISION T,Z(*),U(*),THETA(1)
REAL G(LONG,*)

USER’S OUTPUT, E.G.
CALL CONTRL(T,U,IU,THETA)
WRITE(*,’(8(1PD10.2))’) T, (Z(1),I=1,3), THETA(1)

QQ ¥ ¥ OO Q

END
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